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Abstract
Let p(z) be a polynomial of degree n which does not vanish in |z| < k. It is known that for each
q > 0 and k  1,
‖P (s)‖q  n(n− 1) . . . (n− s + 1)‖ks + z‖q ‖P‖q .
In this paper, we present a refinement of this inequality which besides yielding some interesting
results as corollaries, includes some well-known results as special cases. We also consider an anal-
ogous problem for the class of polynomials p(z)= anzn +∑nν=m an−νzn−ν not vanishing outside
the disk |z| k, where k  1 and obtain a sharp result.
 2003 Elsevier Inc. All rights reserved.
1. Introduction and statement of results
Let Pn be the class of polynomials P(z)=∑nν=0 aνzν of degree n. For P ∈ Pn, define
‖P‖q :=
{
1
2π
2π∫
0
∣∣P(eiθ )∣∣q dθ
}1/q
, 0 < q <∞,
and
‖P‖∞ := max|z|=1
∣∣P(z)∣∣.
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states that if P ∈ Pn, then
‖P ′‖∞  n‖P‖∞. (1)
Inequality (1) can be obtained by letting q →∞ in the inequality
‖P ′‖q  n‖P‖q , q > 0. (2)
Inequality (2) is due to Zygmund [22] for q  1. Arestov [1] proved that (2) remains true
for 0 < q < 1 as well. Both inequalities (1) and (2) can be sharpened if we restrict ourselves
to the class of polynomials having no zero in |z|< 1. In fact, if P ∈ Pn and P(z) = 0 for
|z|< 1, then (1) and (2) can be, respectively, replaced by
‖P ′‖∞  n2‖P‖∞ (3)
and
‖P ′‖q  n‖1+ z‖q ‖P‖q , q > 0. (4)
Inequality (3) was conjectured by Erdös and later verified by Lax [12] (see also [3])
whereas inequality (4) was found out by De-Bruijn [7] for q  1. Rahman and Schmeis-
ser [18] proved that (4) remains true for 0 < q < 1.
As a generalization of (3), Malik [13] proved that if P ∈ Pn and P(z) = 0 for |z|< k,
k  1, then
‖P ′‖∞  n1+ k ‖P‖∞, (5)
whereas under the same hypothesis, Govil and Rahman [9] extended inequality (4) by
showing that
‖P ′‖q  n‖k + z‖q ‖P‖q , q  1. (6)
As refinement of inequality (5), Govil et al. [10] have proved that if P ∈ Pn and P(z) =∑n
ν=0 aνzν = 0 for |z|< k, k  1, then
‖P ′‖∞  n
{
n|a0| + k2|a1|
n|a0|(1+ k2)+ 2k2|a1|
}
‖P‖∞. (7)
Recently it was shown by Gardner and Weems [8] and independently by Rather [19] that
inequality (6) also holds for 0 < q < 1.
Inequality (5) was further generalized by Govil and Rahman [9] to the sth derivative of
P(z) by proving that if P ∈ Pn and P(z) = 0 for |z|< k, k  1, then for 1 s < n,
‖P (s)‖∞  n(n− 1) . . . (n− s + 1)1+ ks ‖P‖∞. (8)
Recently Aziz and Shah [5] extended inequality (8) to Lq mean of P(z) by proving that
if P ∈ Pn and P(z) = 0 for |z|< k, k  1, then for 1 s < n,
‖P (s)‖q  n(n− 1) . . . (n− s + 1)s ‖P‖q , q > 0. (9)‖k + z‖q
16 A. Aziz, N.A. Rather / J. Math. Anal. Appl. 289 (2004) 14–29In this paper we first prove the following result which is a refinement of inequality (9)
and yields a number of interesting results as special cases.
Theorem 1. If P ∈ Pn and P(z) does not vanish in |z| < k, where k  1, then for each
q > 0 and 1 s < n,
‖P (s)‖q  n(n− 1) . . . (n− s + 1)‖δk,s + z‖q ‖P‖q , (10)
where δk,s is defined by
δk,s =
{
C(n, s)|a0|ks+1 + |as |k2s
C(n, s)|a0| + |as |ks+1
}
. (11)
Remark 1. If we make use of inequality (26) and the fact that
‖δk,s + z‖q  ‖ks + z‖q, q > 0,
in Theorem 1, we immediately get inequality (9).
Making q → ∞ in inequality (10), we immediately obtain the following interesting
result which is a refinement of inequality (8) and includes inequality (7) as a special case.
Corollary 1. If P ∈ Pn and P(z) = 0 for |z|< k, where k  1, then for 1 s < n,
‖P (s)‖∞  n(n− 1) . . . (n− s + 1)
×
{
C(n, s)|a0|ks+1 + |as |ks+1
C(n, s)|a0|(1+ ks+1)+ ks+1(ks−1 + 1)|as|
}
‖P‖∞. (12)
For s = 1, (12) reduces to inequality (7). Using the fact that
1
C(n, s)
∣∣∣∣asa0
∣∣∣∣ks  1, 1 s < n,
in (12), we get inequality (8).
The next corollary which is a refinement of inequality (6) follows by taking s = 1 in
Theorem 1.
Corollary 2. If P ∈ Pn and P(z) = 0 in |z|< k, where k  1, then for each q > 0,
‖P ′‖q  n‖δk,1 + z‖q ‖P‖q ,
where
δk,1 =
{
n|a0|k2 + |a1|k2
n|a0| + k2|a1|
}
.
Letting q →∞ in Corollary 2, we get inequality (7).
If P ∈ Pn and P(z) has all its zeros in |z| 1, then it was shown by Turán [21] that
n‖P‖∞  2‖P ′‖∞. (13)
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|z| k, k  1, then
n‖P‖∞  (1+ k)‖P ′‖∞. (14)
Malik [14] and Aziz [2] have obtained certain generalizations of (13) and (14) in the
sense that the left-hand sides of these inequalities are replaced by a factor involving integral
mean of |P(z)| on |z| = 1. More precisely, Malik [14] proved that if P ∈ Pn has all its zeros
in |z| 1, then for each q > 0,
n‖P‖q  ‖1+ z‖q‖P ′‖q . (15)
We next present the following sharp result for the class of polynomials
Pn,m :=
{
P(z)= anzn +
n∑
ν=m
an−νzn−ν , 1m n
}
of degree n which is generalization of inequality (15) and a refinement of a result due to
Aziz [2, Theorem 2].
Theorem 2. If P ∈ Pn,m and P(z) has all its zeros in |z| k, where k  1, then for each
q > 0,
n
∥∥∥∥ PP ′
∥∥∥∥
q
 ‖1+ tk,mz‖q, (16)
where
tk,m =
{
n|an|k2m +m|an−m|km−1
n|an|km−1 +m|an−m|
}
. (17)
The result is best possible and equality in (16) holds for P(z)= (zm+ km)n/m, where n is
a multiple of m.
If we take m= 1 in Theorem 2, we get the following corollary which is a refinement of
Theorem 2 of [2].
Corollary 3. If P ∈ Pn and P(z) has all its zero in |z| k, k  1, then for each q > 0,
n
∥∥∥∥ PP ′
∥∥∥∥
q
 ‖1+ tk,1z‖q,
where
tk,1 =
{
n|an|k2 + |an−1|
n|an| + |an−1|
}
. (18)
Since |P ′(eiθ )| ‖P ′‖∞ for 0 θ < 2π , the following corollary is an immediate con-
sequence of Corollary 3.
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n‖P‖q  ‖1+ tk,1z‖q‖P ′‖∞, (19)
where tk,1 is defined by (18).
Remark 3. Letting q →∞ in (19), we obtain a result due to Govil et al. [10, Corollary 2]
whereas for k = 1, Corollary 4 reduces to inequality (15).
Finally we use Holder’s inequality to establish the following theorem which is a gener-
alization of Corollary 3 and a refinement of a result [4, Theorem 1] due to authors.
Theorem 3. If P ∈ Pn,m and P(z) has all its zero in |z| k, where k  1, then for each
q > 0, r > 1, s > 1 with r−1 + s−1 = 1, we have
n‖P‖q  ‖1+ tk,mz‖qr‖P ′‖qs, (20)
where tk,m is defined by (17).
The following corollary immediately follows by letting s→∞ (so that r → 1) in The-
orem 3.
Corollary 5. If P ∈ Pn,m and P(z)= 0 for |z| k, where k  1, then for each q > 0,
n‖P‖q  ‖1+ tk,mz‖q‖P ′‖∞, (21)
where tk,m is defined by (17).
For m= 1, (21) reduces to Corollary 4. Using the fact that 1 tk,m  km, 1m n, it
follows from Corollary 5 that if P ∈ Pn,m and P(z)= 0 for |z| k, where k  1, then for
each q > 0,
n‖P‖q  ‖1+ kmz‖q‖P ′‖∞.
This result was recently proved by Aziz and Shah [6, Theorem 1].
2. Lemmas
For the proofs of these theorems we need the following lemmas. The first lemma is due
to Melas [16].
Lemma 1. If P ∈ Pn and α is a real number, then for each q > 0,
2π∫
0
∣∣nP(eiθ )− (1− eiα)eiθP ′(eiθ )∣∣q dθ  nq
2π∫
0
∣∣P(eiθ )∣∣q dθ.
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2π∫
0
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dθ dα  2πnq
2π∫
0
∣∣P(eiθ )∣∣q dθ.
Proof. Since Q(z)= znP (1/z¯), we have
zQ′(z)= nznP (1/z¯)− zn−1P ′(1/z¯).
This implies for each θ , 0 θ < 2π ,∣∣Q′(eiθ )∣∣= ∣∣eiθQ′(eiθ )∣∣= ∣∣neinθP (eiθ )− ei(n−1)θP ′(eiθ )∣∣
= ∣∣nP(eiθ )− eiθP ′(eiθ )∣∣. (22)
Now for points eiθ , for which P ′(eiθ ) = 0, we obtain by using (22), for each q > 0,
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dα = ∣∣P ′(eiθ )∣∣q
2π∫
0
∣∣∣∣Q′(eiθ )P ′(eiθ ) + eiα
∣∣∣∣
q
dα
= ∣∣P ′(eiθ )∣∣q
2π∫
0
∣∣∣∣
∣∣∣∣Q′(eiθ )P ′(eiθ )
∣∣∣∣+ eiα
∣∣∣∣
q
dα =
2π∫
0
∣∣∣∣Q′(eiθ )∣∣+ eiα∣∣P ′(eiθ )∣∣∣∣q dα
=
2π∫
0
∣∣∣∣nP(eiθ )− eiθP ′(eiθ )∣∣+ eiα∣∣P ′(eiθ )∣∣∣∣q dα. (23)
Since (23) is trivially true for points eiθ for which P ′(eiθ )= 0, it follows that
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dα =
2π∫
0
∣∣∣∣nP(eiθ )− eiθP ′(eiθ )∣∣+ eiα∣∣P ′(eiθ )∣∣∣∣q dα.
(24)
Integrating (24) both sides with respect to θ from 0 to 2π and using Lemma 1, we get
2π∫
0
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dα dθ
=
2π∫
0
2π∫
0
∣∣∣∣nP(eiθ )− eiθP ′(eiθ )∣∣+ eiα∣∣P ′(eiθ )∣∣∣∣q dα dθ
=
2π∫ { 2π∫ ∣∣∣∣nP(eiθ )− eiθP ′(eiθ )∣∣+ eiα∣∣eiθP ′(eiθ )∣∣∣∣q dα
}
dθ0 0
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2π∫
0
{ 2π∫
0
∣∣nP(eiθ )− eiθP ′(eiθ )+ eiαeiθP ′(eiθ )∣∣q dα
}
dθ
=
2π∫
0
{ 2π∫
0
∣∣nP(eiθ )− eiθP ′(eiθ )+ eiαeiθP ′(eiθ )∣∣q dθ
}
dα

2π∫
0
nq
2π∫
0
∣∣P(eiθ )∣∣q dθ dα = 2πnq
2π∫
0
∣∣P(eiθ )∣∣q dθ.
This completes the proof of Lemma 2. ✷
Lemma 3. If P(z) is a polynomial of degree n having all its zero on |z| = 1, then
Q(z)= uP(z),
where Q(z)= znP (1/z¯) and |u| = 1.
The proof of this lemma is straightforward and here we omit the details.
Lemma 4. If P ∈ Pn and P(z) does not vanish in |z| < k, where k  1 and Q(z) =
znP (1/z¯), then for 1 s < n and |z| = 1,{
C(n, s)|a0||ks+1 + |as|k2s
C(n, s)|a0| + |as|ks+1
}∣∣p(s)(z)∣∣ ∣∣Q(s)(z)∣∣ (25)
and
1
C(n, s)
∣∣∣∣asa0
∣∣∣∣ks  1. (26)
Proof. By hypothesis all the zero of
P(z)= anzn + an−1zn−1 + · · · + aszs + · · · + a1z+ a0
lie in |z| k, where k  1, therefore, all the zeros of the polynomial
F(z)= P(kz)= anknzn + · · · + askszs + · · · + a1kz+ a0
lie in |z| 1. If the polynomial
G(z)= znF (1/z¯)= znP (k/z¯)
= a¯nkn + a¯n−1kn−1z+ · · · + a¯n−skn−szs + · · · + a¯1kzn−1 + a¯0zn, (27)
then all the zeros of G(z) lie in |z| 1 and∣∣F(z)∣∣= ∣∣G(z)∣∣ for |z| = 1. (28)
We show for every real or complex number α with |a| 1, the polynomial T (z)= F(z)+
αG(z) has all its zeros in |z| 1. If all the zeros of G(z) lie on |z| = 1, then by Lemma 3,
we have F(z)= uG(z), where |u| = 1. Hence for every α with |α| 1, the polynomial
T (z)= F(z)+ αG(z)= (u+ α)G(z)
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zero in |z|< 1. Let m be the number of zeros of G(z) in |z|< 1, where 1m n and the
remaining (n−m) zeros of G(z) lie on |z| = 1. If z1, z2, . . . , zn−m are the zeros of G(z)
which lie on |z| = 1, then we can write
G(z)=G1(z)(z− z1)(z− z2) . . . (z− zn−m)=G1(z)G2(z) (say), (29)
where all the zeros of polynomial G1(z) of degree m 1 lie in |z|< 1 and all the zeros of
polynomial G2(z) of degree (n−m) lie on |z| = 1 so that
F(z)= znG(1/z¯)= zmG1(1/z¯)zn−mG2(1/z¯)= F1(z)F2(z) (say), (30)
where all the zeros of F1(z) lie in |z|> 1 and all the zeros of F2(z) of degree (n−m) lie
on |z| = 1. Applying Lemma 3 to the polynomial F2(z), from (30) we get
F(z)= uF1(z)G2(z), where |u| = 1. (31)
Using (29) and (31) in (28), we obtain∣∣G1(z)∣∣= ∣∣F1(z)∣∣ for |z| = 1.
Since all the zeros of F1(z) lie in |z|> 1, the function G1(z)/F1(z) is analytic in |z| 1
and ∣∣∣∣G1(z)F1(z)
∣∣∣∣= 1 for |z| = 1.
Also, since G1(z)/F1(z) is not a constant, it follows by maximum modulus principle that∣∣G1(z)∣∣< ∣∣F1(z)∣∣ for |z|< 1.
Replacing z by 1/z¯, we get∣∣F1(z)∣∣< ∣∣G1(z)∣∣ for |z|> 1.
A direct application of Rouche’s theorem shows that for every real or complex numbers
α,u with |α|  1 and |u| = 1, the polynomial uF1(z) + αG1(z) of degree m has all its
zeros in |z| 1. Therefore, the polynomial
T (z)= (uF1(z)+ αG1(z))G2(z)= uF1(z)G2(z)+ αG1(z)G2(z)= F(z)+ αG(z)
has all its zeros in |z| 1 for every α with |α|  1. By Gauss–Lucas theorem, it follows
that all the zeros of T (s)(z)= F (s)(z)+αG(s)(z) (the sth derivative of T (z)) lie in |z| 1.
This implies∣∣F (s)(z)∣∣ ∣∣G(s)(z)∣∣ for |z| 1 and 1 s < n. (32)
Since by Gauss–Lucas theorem, all the zeros of
G(s)(z)= n(n− 1) . . . (n− s + 1)a¯0zn−s + · · · + (s!)a¯n−skn−s
lie in |z| 1, if
H(z)= zn−sG(s)(1/z¯)= kn−san−s (s!)zn−s + · · · + n(n− 1) . . . (n− s + 1)a0,
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ks
∣∣P (s)(kz)∣∣ ∣∣G(s)(z)∣∣= ∣∣zn−sG(s)(1z¯) ∣∣= ∣∣H(z)∣∣ for |z| = 1.
Thus the function
R(z)= k
szP (s)(kz)
H(z)
is analytic for |z| 1 and |R(z)| = 1 for |z| = 1. Hence it follows by the maximum modu-
lus principle that∣∣R(z)∣∣ 1 for |z| 1.
Also,
R(0)= 0 and R′(0)= k
s(s!)as
n(n− 1) . . . (n− s + 1)a0 .
Therefore, by a generalized form of Schwartz lemma, we have
∣∣R(z)∣∣ |z|{ |z| + k
s(s!)|as |
n(n−1)...(n−s+1)|a0|
ks(s!)|as |
n(n−1)...(n−s+1)|a0| |z| + 1
}
for |z| 1.
Equivalently,∣∣∣∣kszP (s)(kz)H(z)
∣∣∣∣ |z|
{ |z| + ks(s!)|as |
n(n−1)...(n−s+1)|a0|
ks(s!)|as |
n(n−1)...(n−s+1)|a0| |z| + 1
}
for |z| 1.
Taking z= eiθ /k, 0 θ < 2π , so that |z| = (1/k) 1, we obtain∣∣∣∣ks−1zP (s)(eiθ )H(eiθ/k)
∣∣∣∣ 1k
{ 1
k
+ ks(s!)|as |
n(n−1)...(n−s+1)|a0|
ks (s!)|as |
n(n−1)...(n−s+1)|a0|
1
k
+ 1
}
. (33)
Since H(z/k)= zn−sQ(s)(1/z¯), from (33) it follows that{
C(n, s)|a0|ks+1 + |as |k2s
C(n, s)|a0| + |as |ks+1
}∣∣P (s)(z)∣∣ ∣∣Q(s)(z)∣∣ for |z| = 1,
which is inequality (25) and this proves the first part of Lemma 4.
To prove the second part of Lemma 4, we observe that if z1, z2, . . . , zn are the zeros of
the polynomial P(z), then |zν | k, ν = 1,2, . . . , n, and we have
(−1)an−1
an
= σ(n,1)=
∑
z1,
(−1)2 an−2
an
= σ(n,2)=
∑
z1z2,
...
(−1)n−s as
an
= σ(n,n− s)=
∑
z1z2 . . . zn−s , (34)
...
(−1)n a0 = σ(n,n)= z1z2 . . . zn, (35)
an
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From (34) and (35), we get∣∣∣∣asa0
∣∣∣∣=
∣∣∣∣ asan
∣∣∣∣
∣∣∣∣ana0
∣∣∣∣=
∣∣∣∣σ(n,n− s)σ (n,n)
∣∣∣∣=
∣∣∣∣
∑
z1z2 . . . zn−s
z1z2 . . . zn
∣∣∣∣=
∣∣∣∣∑ 1z1z2 . . . zs
∣∣∣∣

∑∣∣∣∣ 1z1
∣∣∣∣
∣∣∣∣ 1z2
∣∣∣∣ . . .
∣∣∣∣ 1zs
∣∣∣∣ C(n, s) 1ks ,
which implies
1
C(n, s)
∣∣∣∣asa0
∣∣∣∣ks  1,
and this completes the proof of Lemma 4. ✷
We also need the following result which follows easily on using arguments similar to
that used in [17, Lemma 1].
Lemma 5. If P(z)= a0 +∑nν=m aνzν , 1m n, is a polynomial of degree n which does
not vanish in |z|< k, where k  1 and Q(z)= znP (1/z¯), then{
n|a0|km+1 +m|am|k2m
n|a0| +m|am|km+1
}∣∣P ′(z)∣∣ ∣∣Q′(z)∣∣ for |z| = 1
and
m
n
∣∣∣∣ama0
∣∣∣∣km  1.
By applying Lemma 5 to the polynomial znP (1/z¯), we immediately get the following
result.
Lemma 6. If P ∈ Pn,m and P(z) has all its zeros in |z| k, where k  1, P(0) = 0 and
Q(z)= znP (1/z¯), then{
n|an|k2m +m|an−m|km−1
n|an|km−1 +m|an−m|
}∣∣P ′(z)∣∣ ∣∣Q′(z)∣∣ for |z| = 1 (36)
and
m
n
∣∣∣∣an−man
∣∣∣∣ km. (37)
We use Lemma 6 to prove the following more general result.
Lemma 7. If P ∈ Pn,m and P(z) has all its zeros in |z|  k, where k  1 and Q(z) =
znP (1/z¯), then{
n|an|k2m +m|an−m|km−1
m−1
}∣∣P ′(z)∣∣ ∣∣Q′(z)∣∣ for |z| = 1 (38)
n|an|k +m|an−m|
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m
n
∣∣∣∣an−man
∣∣∣∣ km. (39)
Proof. By hypothesis all the zeros of polynomial
P(z)= a0 + a1z+ · · · + an−mzn−m + anzn, 1m n,
of degree n lie in |z| k, where k  1. In case P(0)= a0 = 0, Lemma 7 is identical with
Lemma 6. Hence to establish Lemma 7 in general, it is sufficient to consider the case when
P(0)= a0 = 0. For k = 1, inequality (38) follows from a result of De-Bruijn [7, p. 1265].
To prove inequality (39) for k = 1, let aµ be the first nonzero coefficient of P(z) so that
P(z)= aµzµ + aµ+1zµ+1 + · · · + an−mzn−m + anzn = zµh(z),
where
h(z)= aµ + aµ+1z+ · · · + an−mzn−µ−m + anzn−µ, 0 µ n−m,
is a polynomial of degree (n − µ) having all its zeros in |z|  1 with h(0) = aµ = 0.
Applying inequality (37) of Lemma 6 to the polynomial h(z) with k = 1, we get
m
n−µ
∣∣∣∣an−man
∣∣∣∣ 1.
Since n−µ n, it follows that
m
n
∣∣∣∣an−man
∣∣∣∣ mn−µ
∣∣∣∣an−man
∣∣∣∣ 1,
which is inequality (39) for k = 1. This proves Lemma 7 for k = 1. Henceforth we shall
assume k < 1. Since P(0)= a0 = 0, we can write as before
P(z)= aµzµ + aµ+1zµ+1 + · · · + an−mzn−m + anzn,
where aµ = 0, 0  µ  n −m. By hypothesis all the zeros of P(z) lie in |z| k, where
k < 1. Let r with 1 < r < 1/k be any positive real number such that P(z) = 0 for |z| = ρ,
where k < ρ = kr < 1, then
δ = min|z|=ρ
∣∣P(z)∣∣> 0
and
δ 
∣∣P(z)∣∣ for |z| = ρ. (40)
Now δ > 0, we choose a positive real number ε such that 0 < ε < δ and from (40), we get
for every λ with |λ| = 1,
|λε| = ε < δ  ∣∣P(z)∣∣ for |z| = ρ.
Applying Rouche’s theorem and noting that all the zeros of P(z) lie in |z|  k < ρ, it
follows that the polynomial
F(z)= P(z)+ λε = anzn + an−mzn−m + · · · + aµzµ + λε
A. Aziz, N.A. Rather / J. Math. Anal. Appl. 289 (2004) 14–29 25has all its zeros in |z| < ρ < 1 with F(0) = λε = 0. If G(z) = znF (1/z¯), then G′(z) =
Q′(z) + nλ¯εzn−1. Using Lemma 6 to the polynomial F(z) and observing that F ′(z) =
P ′(z), we conclude that{
n|an|ρ2m +m|an−m|ρm−1
n|an|ρm−1 +m|an−m|
}∣∣P ′(z)∣∣ ∣∣Q′(z)+ nλ¯εzn−1∣∣ for |z| = 1 (41)
and
m
n
∣∣∣∣an−man
∣∣∣∣ ρm. (42)
Choosing the argument of λ suitably in the right-hand side of (41), we obtain{
n|an|ρ2m +m|an−m|ρm−1
n|an|ρm−1 +m|an−m|
}∣∣P ′(z)∣∣ ∣∣Q′(z)∣∣+ nε > ∣∣Q′(z)∣∣ for |z| = 1, (43)
for every ρ = kr , 1 < r < 1/k. Letting r → 1 so that ρ→ k in (42) and (43), we immedi-
ately get inequalities (38) and (39) for k < 1. This proves Lemma 7 completely. ✷
3. Proofs of theorems
Proof of Theorem 1. Let F(z)=Q(z)+ eiαP (z), where Q(z)= znP (1/z¯), then F(z) is
a polynomial of degree n and we have
F (s)(z)=Q(s)(z)+ eiαP (s)(z),
which is clearly a polynomial of degree n − s, 1  s < n. By a repeated application of
inequality (2), it follows for each q > 0,
2π∫
0
∣∣Q(s)(eiθ )+ eiαP (s)(eiθ )∣∣q dθ
 (n− s + 1)q
2π∫
0
∣∣Q(s−1)(eiα)+ eiαP (s−1)(eiθ )∣∣q dθ
...
 (n− s + 1)q(n− s + 2)q . . . (n− 1)q
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dθ. (44)
Integrating (44) with respect to α on [0,2π] and using Lemma 2, we get
2π∫ 2π∫ ∣∣Q(s)(eiθ )+ eiαP (s)(eiθ )∣∣q dθ dα
0 0
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2π∫
0
2π∫
0
∣∣Q′(eiθ )+ eiαP ′(eiθ )∣∣q dθ dα
 2π(n− s + 1)q(n− s + 2)q . . . (n− 1)qnq
2π∫
0
∣∣P(eiθ )∣∣q dθ. (45)
By Lemma 4, we have for 1 s < n,
δk,s
∣∣P (s)(z)∣∣ ∣∣Q(s)(z)∣∣ for |z| = 1, (46)
where δk,s  1 is defined by (11). It can be easily verified that for every real number α and
R  r  1,
|R + eiα| |r + eiα|.
This implies for each q > 0,
2π∫
0
|R+ eiα|q dα 
2π∫
0
|r + eiα|q dα. (47)
For points eiθ , 0 θ < 2π , for which P (s)(eiθ ) = 0, we take
R = |Q
s(eiθ )|
|P s(eiθ )|
and r = δk,s , then by (46), R  r  1 and from (47) we get for each q > 0,
2π∫
0
∣∣Q(s)(eiθ )+ eiαP (s)(eiθ )∣∣q dα = ∣∣P (s)(eiθ )∣∣q
2π∫
0
∣∣∣∣Q(s)(eiθ )P (s)(eiθ ) + eiα
∣∣∣∣
q
dα
= ∣∣P (s)(eiθ )∣∣q
2π∫
0
∣∣∣∣Q(s)(eiθ )P (s)(eiθ ) + eiα
∣∣∣∣
q
dα 
∣∣P (s)(eiθ )∣∣q
2π∫
0
∣∣δk,s + eiα∣∣q dα. (48)
For points eiθ , 0  θ < 2π , for which P (s)(eiθ ) = 0, inequality (48) is trivially true. Us-
ing (48) in (45), we conclude that for each q > 0,
2π∫
0
|δk,s + eiα|q dα
2π∫
0
∣∣P (s)(eiθ )∣∣q dθ
 2πnq(n− 1)q . . . (n− s + 2)q(n− s + 1)q
2π∫
0
∣∣P (s)(eiθ )∣∣q dθ,
which immediately leads to (10) and this completes the proof of Theorem 1. ✷
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verify that for |z| = 1,∣∣Q′(z)∣∣= ∣∣nP(z)− zP ′(z)∣∣ and ∣∣P ′(z)∣∣= ∣∣nQ(z)− zQ′(z)∣∣. (49)
Since the polynomial P(z) = anzn +∑nν=m an−νzn−ν , 1  m  n, has all its zeros in|z| k  1, therefore, using (49) in Lemma 7, we get∣∣Q′(z)∣∣ tk,m∣∣nQ(z)− zQ′(z)∣∣ for |z| = 1, (50)
where tk,m is defined by (17). Now by Gauss–Lucas theorem all the zeros of the polynomial
P ′(z) lie in |z| k  1. This shows that the polynomial
zn−1P ′(1/z¯)≡ nQ(z)− zQ′(z)
has all its zeros in |z| (1/k) 1. Therefore, it follows from (50) that the function
w(z)= zQ
′(z)
tk,m(nQ(z)− zQ′(z))
is analytic for |z|  1 and |w(z)|  1. Furthermore w(0) = 0. Thus the function 1 +
tk,mw(z) is subordinate to the function 1+ tk,mz for |z| 1. Hence by a well-known prop-
erty of subordination [11, p. 422] we have for each q > 0,
2π∫
0
∣∣1+ tk,mw(eiθ )∣∣q dθ 
2π∫
0
∣∣1+ tk,meiθ ∣∣q dθ. (51)
Now
1+ tk,mw(z)= nQ(z)
nQ(z)− zQ′(z) ,
which gives with the help of (49) that for |z| = 1,
n
∣∣Q(z)∣∣= ∣∣1+ tk,mw(z)∣∣∣∣nQ(z)− zQ′(z)∣∣= ∣∣1+ tk,mw(z)∣∣∣∣P ′(z)∣∣. (52)
Since |Q(z)| = |P(z)| for |z| = 1, we get from (52),
n
∣∣P(z)∣∣= ∣∣1+ tk,mw(z)∣∣∣∣P ′(z)∣∣ for |z| = 1. (53)
From (51) and (53), we conclude that for each q > 0,
n
{ 2π∫
0
∣∣∣∣ P(eiθ )P ′(eiθ )
∣∣∣∣
q
dθ
}1/q

{ 2π∫
0
|1+ tk,meiθ |q dθ
}1/q
,
which is inequality (16) and this completes the proof of Theorem 2. ✷
Proof of Theorem 3. Proceeding similarly as in the proof of Theorem 2, from (53) we
have for each q > 0,
nq
2π∫ ∣∣P(eiθ )∣∣q dθ =
2π∫ ∣∣1+ tk,mw(eiθ )∣∣q ∣∣P ′(eiθ )∣∣q dθ.0 0
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nq
2π∫
0
∣∣P(eiθ )∣∣q dθ 
{ 2π∫
0
∣∣1+ tk,mw(eiθ )∣∣qr
}1/r{ 2π∫
0
∣∣P ′(eiθ )∣∣qs dθ
}1/s
. (54)
Using inequality (51) with q replaced by qr in (54), we obtain for each q > 0, r > 1, s > 1
with r−1 + s−1 = 1,
nq
2π∫
0
∣∣P(eiθ )∣∣q dθ 
{ 2π∫
0
∣∣1+ tk,meiθ ∣∣qr dθ
}1/r{ 2π∫
0
∣∣P ′(eiθ )∣∣qs dθ
}1/s
,
equivalently,
n‖P‖q  ‖1+ tk,mz‖qr‖P ′‖qs,
which is inequality (21) and this completes the proof of Theorem 3. ✷
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